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Individual research lesson
03/02/10
One 50-min class period + 10 minutes for assessment (can be done on a different day)
OVERVIEW
In this lesson students will examine planar and non-planar graphs, discuss conjecture, the social nature of mathematics,
and extremal graphs. They will work in groups to construct graph representations that are not planar without edge
crossings on a surface of genus 1.
PURPOSE
Middle school students have a very limited perspective of the process of mathematics. By working on their own
conjectures and modifying their own constructions, they will gain a better understanding of what is often seen as an
“other” activity, that is something from which they are currently very far removed. It is also hoped that they will learn the
concepts of planarity and extremal graphs.
OBJECTIVES & STANDARDS MET
Student will experience and engage in mathematics in a manner similar to how professionals do it, by conjecturing,
disagreeing with each other, and modifying their ideas. They will understand planar graphs, and will learn that if they use
different surfaces then different graphs can be drawn without crossings.
Standard 4: Students use Geometric concepts properties, and relationships in problem-solving situations and
communicate reasoning used in solving these problems.
BACKGROUND INFORMATION & REFERENCES
Students will have been exposed to graphs by way of relationship graphs. They have also established small group
dynamics.
No specific references are necessary, as students will develop conjectures themselves.

VOCABULARY, MATERIALS, PREPARATION, SAFETY
Vocabulary: Planar graph, Torus, Crossings
Materials: Bagels (1 for each pair of students), markers, paper, pencils
Preparation: Planned solutions for crossing-free non-planar graph representations on the torus
METHOD: 5 E’S MODEL
Engage: Resident will talk about his life as a mathematician and how social it is, and discuss interesting applications of
Graph Theory. Hopefully students will ask questions about "right answers" and "coming up with new mathematics".
Explore : Present extremal problems for the students to work on:
1. Can two utilities be connected to three houses without crossing?
2. Can three?
3. Can four houses be connected to each other without crossings?
4. Can five?
At each stage, student volunteers will be asked to go to the board to present their ideas, and allow other students to argue
for or against ideas they see the volunteer present.

Explain: Resident will explain how mathematics is about conjecture, often incorrect, and exchanging ideas in order to find
solutions. Resident will also talk about how some problems, in particular (2) and (4) above, do not have constructions in
the plane.
Elaborate: Introduce students to the torus by way of bagels and explain that (2) and (4) do have constructions using this
surface. Allow the students time in small groups to develop constructions without crossings, then have each pair of
students transfer these designs to bagels using markers.
Evaluate: Students will be given a short quiz (attached) to assess their understanding of the material and their ability to
extend their new knowledge.
ADAPTATIONS OR DIFFERENTIATED LEARNING
Students will be presented with multiple methods of construction: drawing on a diagram of a torus, drawing directly onto
the bagel in the planning stage, and drawing on a rectangle imagined as a torus (a Riemann Surface). Students will work
in pairs so that those more comfortable with sketching can do the drawing.
EXTENSIONS & CONNECTIONS
The advanced students will be tasked with sketching a larger graph (6 houses connected to each other or 3 utilities
connected to 4 houses, both of which have solutions) on the torus. The assessment tool also asks for conjecture about
a double torus.

HANDOUTS & PRESENTATIONS
Included are the assessment tool and solutions to the four non-planar graphs without crossings on the torus.

PEER REVIEW COMMENTS
Discussion with Mentor: Using toothpicks and string vs. markers. It was decided that markers would be the best tool.
Discussion with Project Coordinator, Lead Teacher, and Mentor: Development of assessment tool.
Discussion with Lead Teacher: Discussion of time commitment for both lesson and assessment.
REFLECTIONS (COMPLETED AFTER LESSON IS IMPLEMENTED]
Integration of research: My research is in extremal graph theory, which is the specific area in which graph planarity lies.
It is also an introduction to the process of mathematical conjecture and testing, as well as constructions demonstrating
existence.
Improvement of lesson: If I had taken more time in the classroom (maybe 2 days) I could have spent more time
demonstrating non-existence of planar constructions, and even have the students work through the non-planarity of the
complete graph on 5 vertices (5 houses all connected to each other) on their own. Extensions could be made by
discussing and “playing with” other surfaces, like a sphere or a double torus.
What worked well? Getting the students engaged in conjecture and actually fighting for their ideas. Some students who
are not as regularly engaged in the usual lesson seemed more interested in this lesson. Also having students work in
pairs seemed to help them build successful constructions and understand the social nature of mathematics.
What did you learn? Some students were not willing to even attempt constructions. I don't believe this was due to a
lack of understanding but more of a fear of failure. I would like to find the best way to encourage these students.
How does this impact your future profession? I have not traditionally used manipulatives in the classroom, especially
in upper division courses. I believe that they would be beneficial, even to advanced students, and that I could use them
rigorously.

STUDENT WORK EXAMPLES (COMPLETED AFTER LESSON IS IMPLEMENTED]
Attached are photographs of student work and students engaged in constructions. Also attached are samples of student
assessment.

Bagels and Graphs

Name:____________________________________

Remember that on the board there are some graphs we can't draw without crossing lines.

1. Besides utility companies why might it be important to be able to draw graphs without
crossings?

2. What is the most number of houses we can connect to each other without crossings on the
board?

3. We can connect up to 7 houses on a bagel without crossings. How many do you think we can
connect on the double-bagel below? Just make a conjecture.

4. How might you test your conjecture to see if it's right?

